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Abstract

The main purpose of this paper is to finally debunk the idea that Fisher implied the
reproductive value (RV) of the first age group must be equated to 1 (other valuations answer
different research questions). Fisher (1927) and other researchers stated that dissimilar generation
times must be considered when comparing subpopulations (confront with Keyfitz and Caswell
2005). Fisher’s (1927) original paper also points out, in a most unusual way, the links with
Lotka’s stable theory. RV has never been presented along with proper interpretation of stable
concepts used in its development (see Fisher 1927, 1930); revisiting Lotka’s thermodynamic
assumptions will prove helpful to avoid confusions and misinterpretations of RV and related

concepts as stable equivalent value and population momentum.

Keywords
Reproductive value, Stable population, Population momentum, Thermodynamics, reproduction,

Fisher, Lotka.



On Fisher’s Reproductive Value and Lotka’s Stable Population

"The History of Science has suffered greatly from the use by teachers of
second-hand material, and the consequent obliteration of the
circumstances and the intellectual atmosphere in which the great
discoveries of the past were made. A first-hand study is always
instructive, and often ... full of surprises."

- Ronald Fisher

INTRODUCTION
When reading an earlier version of this paper, an anonymous referee wrote that since Leslie’s
(1945, 1948) work “it is clear that reproductive value in the discrete-time formulation is an
eigenvector of the projection matrix... Since the components of these vectors/functions can only
be measured relative to each other, it is purely a matter of convenience how to define vy. I cannot
see that this question needs lengthy discussion”. And I would agree with this comment if I had
not listen and read many others arguing: “That is true, but Fisher also stated that at birth,
everyone gets one life (vo = 1) and must pay back the debt with an interest” (the concept vy will
be explained in the following sections). As a matter of fact, Fisher and other researchers were
fully aware that defining vo = 1 is not suitable for population comparisons because generation
time must be taken into account; however, several influential books still use this inappropriate
conventional definition when trying to compare reproductive values of different subpopulations
(e.g., see Keyfitz and Flieger 1971; Keyfitz and Caswell 2005).

The main purpose of this paper is to finally debunk the idea that Fisher implied that v,

must be equated to 1; and also to emphasize that Fisher (and other researchers) realized that this



conventional valuation is not appropriate for population comparisons. This is of importance
because, as it is shown at the end of this paper, the arbitrary definition vy = 1 can lead to
contradictory results when compared to a more suitable convention that considers generation time
and equates total reproductive value to the ‘number of heads alive in the steady state of the
population’.

Fisher’s (1927) original paper links RV to Lotka’s stable population theory and other
‘stable’ concepts as Keyfitz’s population momentum. In an earlier version of this paper I just
noted that RV and related concepts should be interpreted through the guidelines given by
thermodynamic assumptions but one reviewer wrote, “The concepts of reproductive value, stable
equivalent and momentum are all different... This is not clear. Could you briefly state why it is
based on the theory of thermodynamics? Only because of the concept of steady state?”” Being this
reviewer an eminent professor who has worked for several years with RV and stable theory, I
realized that it was not a well-known fact among demographers that stable population theory is
entirely based on thermodynamics. So I added a brief section about proper interpretation of
thermodynamic assumptions. However, this section has aroused controversy among reviewers, as
one wrote “Let me mention that an important feature of this article is showing the connection of
demography to two quite disparate subjects: thermodynamics and monetary investment”, but
another one labeled it as “a rambling discussion of many aspects of stable population theory”. In
mathematics, and other disciplines as physics, a tool cannot be presented without the assumptions
used in its development. I cannot see why social sciences, particularly demography, should be
any different. As Reproductive Value was never introduced along with the thermodynamic
assumptions used in its development (see Fisher 1928, 1930), I believe that it is necessary to

briefly explain the proper interpretation of these assumptions.



REPRODUCTIVE VALUE
Caswell (2001:92) cites Fisher’s (1930) explanation “that the present value of the future offspring

of a person of age x is ‘easily seen to be given by the equation’
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Then Caswell adds “With all due respect to Fisher, I have yet to meet anyone who finds this
equation ‘easily seen’”. Caswell is right; it is not easy to achieve intuitive understanding of
Fisher’s Reproductive Value (RV). However, James Crow (2000, 2002) recently made a very
interesting finding which will help to make Fisher’s equation more ‘easily seen’:

Fisher (1999) [reprint of 1930] defined reproductive value at age x, v,, only

as a number relative to an arbitrary value of one at age zero, v,. I, and

undoubtedly others, had often wondered why Fisher did not give v, an

absolute meaning, and in fact Keyfitz (1968) later did just that (see also

Samuelson 1977). Keyfitz (1968, p. 57) called the reproductive value-

weighted total population the ‘stable equivalent population’. I had always

attributed this to Keyfitz, but in glancing through Fisher’s collected papers

some years ago, I noticed a throw-away article published in Eugenics

Review (Fisher 1927). Here, of all places, Fisher gives a definition for the

reproductive value at age zero:

v, =1/ bx,
in which b is the birth rate and x, is the age of reproduction, both averages
being for a population at age stability.

When this value is used, the total reproductive value merges

smoothly into the population number as the age structure stabilizes (Crow



1979). It is the same as Keyfitz’s stable equivalent population. Why Fisher

failed to mention this in his 1930 book, written sometime after 1927, is a

complete puzzle; it is almost as if Fisher was determined to confuse. In

particular, generations of readers of his 1930 book have found the graph on

page 28 confusing. This plots the reproductive values of Australian women

at about 1911 as ordinate against age. The value at age zero is clearly not

unity, as Fisher had led the reader to expect. This discrepancy is finally

explained in the variorum edition (Fisher 1999 p. 302) where Fisher, in a

letter to C. G. Darwin, dated 16 July 1930, writes: ‘I am sorry about vy. It is

unity by definition on page 27 but when I came to make the graph I

introduced a factor so as to make the total number of heads in the

population in its steady state equal to the total value of such a population.

That made vy a trifle over 2, as is apparent from the graph. No wonder the

graph is confusing. Incidentally when he invented the idea of the stable

equivalent population, Keyfitz was not aware of Fisher’s discovery, long

before in 1927. Keyfitz was not alone. (Crow 2002:1315)
The goal of Crow’s paper is to clarify Fisher’s conjecture about natural selection from the “usual
elegant obscurity” (Crow 2002:1314) of Fisher’s writings (this conjecture was named the
‘Fundamental Theorem of Natural Selection’ by Fisher himself). After writing the paragraphs
quoted above, Crow moves away from reproductive value and follows the development of
Fisher’s conjecture. However there are still some other things to clarify about Crow’s finding (for
example, Keyfitz’s did not “invented the idea of the stable equivalent population”, he just coined
that term when studying the relationship between Fisher’s discrete RV and Lotka’s continuous

stable ‘standard’ population). Revising Fisher’s (1927) original RV formulation will be



instructive for three reasons: reproductive value is still an abstract concept and there is no
common agreement about its demographic uses and interpretations; the original formulation of
RV sheds some light on how Fisher intended this tool to be used; and this paper also gives some
clues about the relation of RV with Lotka’s stable theory. I will go through Fisher’s original

formulation in order to show these points.

FISHER’S ‘ORIGINAL’ FORMULATION OF RV

It is still commonly believed that Fisher (1930) originally proposed the concept of reproductive
value in his book The genetical theory of natural selection as a tool for assessing the genetic
contribution of one individual to a future population, and that afterwards this concept was
adapted for comparisons among different populations. However, the concept of RV was
originally developed with the purpose of comparing ‘potential’ reproduction among human
populations. In 1927 Fisher wrote a paper for Eugenics Review called “The Actuarial Treatment
of Official Birth Records”, in this paper he proposed for the first time the idea of a reproductive
value associated to a certain population. His aim was to develop a technique for establishing the
optimal reproduction of the ‘working class’ given different occupational groups. The calculations
were based on men and their sons because Fisher assumed that sons had to remain in the
occupational group of their fathers and that women should not enter any occupational group (as
the rest of the eugenist movement, Fisher held an exaggerated view of the importance of genes in
determining social traits; in this paper Fisher develops the concept of reproductive value based on
mistaken beliefs about the inheritance of mental and working capabilities), but he also pointed
that calculations should be made on women and their daughters for regional comparisons of

subpopulations.



Although RV was formulated according to mistaken assumptions about human
hereditability, this tool has proven to be useful in Biology and Demography. If we are able to
separate the RV statistical tool from the faulty assumptions of Fisher (1927), then his statistical
definitions make sense; and, as Crow (2002) points out, Fisher’s original paper provides better
and more complete explanations of RV than Fisher’s (1930) book. Additionally, this paper also
provided, in a most unusual way, the links between RV and Lotka’s stable population theory.

After reading Fisher 1927, Lotka (1927) sent a letter to Eugenics Review where he shows
that he had already written the main ideas of Fisher’s publication and that several paragraphs can
be seen as copies of Lotka’s previous work (this is not really a surprise given Fisher’s practice of
not attributing proper credit to preceding ideas, for another example see Stigler 2005; despite
there is no single citation in Fisher’s paper, many researchers were also working with the renewal
equation, other example is Haldane 1927; the letter of Lotka is shown in the Annex). Lotka states
“That the actuarial principle discussed by Dr. Fisher may be used as an instrument to measure
effective fertility is fully set forth, with numerical application, in my paper: The Measure of Net
Fertility, Journal of the Washington Academy of Science. December, 1925, page 469. A
particular detailed application, with much numerical elaboration, of the principle under
discussion, has been given by Dublin and Lotka in the paper referred to above, The True Rate of
Natural Increase. Among other things brought out and illustrated by actual numerical
computations in this paper is the separate application of the principle to the female and the male
population, a point to which Dr. Fisher also refers”. To this letter Fisher merely replied (also in
Lotka 1927) that he was not aware of Lotka’s work and that “Evidently the only absolutely novel
suggestion in my article lies in the estimation of a definite ‘reproduction value’ for each age of
life”. The ‘novel’ suggestion that Fisher claims about a value for each age of life applied to vital

records was made, for the first time, by the statistician and epidemiologist William Farr (who



worked almost 40 years in the General Register Office of England). William Farr first stated his
concept of ‘value’ for each age of life when looking at economical contributions and Vital
Statistics (Farr wrote a book called Vital Statistics which is out of print, but the traces of his work
can be followed in Humphreys 1885). Later, Lotka (1944) explained Farr’s work, and it will be
useful to briefly look at his explanation because it shows the ‘economical’ or ‘financial’ rationale
behind reproductive value. On the other hand Lotka’s work is entirely based in Thermodynamics
theory (read Lotka 1998: chaps. 1. On Evolution in Organic and Inorganic Systems, 2. On the
Direction of Time, 3. On Energetics and Uncertainty; also Lotka 1969:9-40) and briefly revising
his work will also be useful to clarify the population comparisons intended by Fisher (1927). So,
from its very origin, RV is a ‘multidisciplinary’ tool, and trying to understand the meaning of the
concepts used in its development will be helpful for understanding the tool itself.

I will start by following Fisher’s (1927) formulation of RV. First he explains that the
‘expectation of offspring’ of a newly born child can be estimated by “the average number of live
births already conceived at each age” by already living persons (1927:104). Today we refer at

this indicator as Net Reproduction Rate (considering only one sex for calculating the birth rate).
R, =|Lbdx (1)

where x denotes age, / and b stand for age specific survival and fertility respectively. Here it
should be noted that using data from a life table (/ and b) implicitly means to accept the
stationary population assumption; the importance of this clarification will become evident in the
section about stable population theory.

Fisher then explains that the Malthusian parameter (stable growth rate) derives from
Malthus’ analogy of population increase with compound interest: in this metaphor the date of

repayment of a debt is important for the calculation of the rate of interest, and in order to find the



appropriate rate in the analogous problem of human increase we must reduce the future children,
whose advent we are expecting, to their present value (of new born child) equal to unity. This
provides an exact measure of the exponential rate of increase of the population (geometrical in
discrete case). Fisher also points out that Malthus scarcely considered that a decreasing
population must be represented by a negative rate of interest, which will occur when the
statistical mean of same sex offspring is less than unity. Fisher never mentions it, but the
resulting expression is known as the Euler-Lotka equation, in honour of the mathematician that

developed it and the ecologist who gave it a biological and demographical use.
j: el bdx=1, )

where 7 represents the stable growth rate, also referred as intrinsic rate or Malthusian parameter.
The next step is to add this ‘value’ to an age group. Fisher claims that the present value of
the future progeny of an age group, as defined in financial mathematics with the rate of
compound interest indicated above, will provide an exact measure of the present value of
individuals in the group considered for procreating future generations. He also says that the
present value of each individual will increase with age as he (or she) escapes the dangers of infant
and child mortality, it will reach its maximum at about 20, and will thereafter decrease as the time
for procreation passes, whether such procreation has been realized or not. Then, when
reproduction has ceased the reproductive value as a potential ancestor is obviously zero (in his
later work on genetics Fisher 1930 referred to this concept as age-specific reproductive value).

v =——[ e lb,du . 3)
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The first important clarification to RV is made by Fisher in his original paper: “The convention

that unit value is to be ascribed to the newly born is open to no objection so long as we merely



wish to compare the values of different age groups; on the other hand it is not suitable for the
comparison of different populations” (Fisher 1927:106). The term convention or conventional
valuation 1s a financial one, and it can be translated into plain English as ‘you can use any
number you want’. This means that some numbers might be more useful than others but there is
no ‘correct’ number for ascribing the value of newborns. This very important point is not clearly
stated in Crow (2002): there is no ‘absolute’ definition for the value of the newborns vy, and this
lack of absolute definition gives flexibility to the use of RV. In a private communication Crow
explained “For me, although there may not be any ‘correct’ value, the value in which vy is the
reciprocal of the product of the birth rate and the mean age of reproduction, both measured at the
stable age distribution, is more natural than the others (I am still amazed that Fisher did not
include this in his famous book, when he clearly knew it).” Apart from what can be seen as a
more natural valuation, the fact is that what Fisher meant with conventional valuation is that
there is no correct or absolute definition for vy, and this is important to note it because it is still a
confusing point. RV can be used differently according to different assumptions, or conventional
valuations, about the number ascribed to the first age group vy; but we should also be mindful that
the results given by RV are highly dependent on the assumptions made about v, values and
arbitrary population divisions.

Fisher (1927) refers briefly to the ideas of conventional valuations, compounded interest
and present value; which indicate the original ideas behind the formulation of reproductive value.
But in the original work of Farr this economical thinking is clearly stated. Lotka (1944) explains
the original work of Farr (he cites Farr, W. Journal Stat. Soc. London 1853, but he gives no title
of Farr’s publication). Farr was initially trying to estimate the ‘capitalized value of human
earning capacity’. He equates the capital value of a wage-earner to the ‘present worth’ of his net

future earnings. Let the capital value be denoted by v, for a wage-earner of age x
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where /, and L, have the usual demographic meaning (survival estimations), W, denotes the
average of the earners’ net annual earnings at age x to x+1, and i denotes the interest rate applied
annually to the earnings.

Lotka explains that “Since /; is a purely arbitrary constant (the radix of the life table), we
can arbitrarily put /;=1. Then [, and L,, instead of numbers of individuals, represent
corresponding proportions. It will simplify our formulae to adopt this convention” (Lotka
1944:10). And here we see again that the assigned value for the first age group (even if here is the
radix) is only a convention, an arbitrary assumption, or in plain English, is just a matter of taste.
Even if Farr’s calculation is based on discrete time, it is easy to see that if we use birth rates
instead of net earnings we obtain an ‘annualized’ reproductive value. Lotka notes that when the
unit of study is the population (not the individuals) it is better to use an instantaneous rate of
interest because “the population brings a continuous income, unlike a loan of money, which
brings an income at finite intervals” (Lotka 1944:12). Let » be the interest rate compounded
continuously, then the terms that adjust the age-population values (1+i)™ are replaced by ¢, the
approximation made by L, is no longer necessary, and also the approximation made with the net
annual earnings at age x to x+1, denoted by W,, is no longer necessary (the average annual
earnings at age x is denoted by Lotka as w,). Thus Farr’s discrete equation 4 can be expressed in
the continuous setting as

V. = ! ref”‘luwudu. (5)
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So the financial thinking behind reproductive value is as follows: the net reproductive rate,

equation 1, can be regarded as a sum of money related to each age (earnings by age in Lotka’s
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explanation or payments by age in Fisher’s explanation); in order to compare the different
amounts obtained at each age we need to ‘move’ them towards the same reference time point
(age zero), this is done by adjusting the amounts with the prevailing interest rate (the intrinsic
growth rate of the population); but the amount related to age zero is going to be our reference
amount, so we assign an arbitrary value (a conventional valuation) to this first amount, which
yields equation 2; finally, in order to make a fair comparison we need to standardize for the size
of the population at each age, which is done dividing by /,, but this size also has to be moved to
the same reference time point ¢”*/,. And so we obtain equations 3 and 5 (equation 5 is called the
present value at age x of a continuous earning or payment stream of w, beyond age x).

There are two important things to note from Lotka’s explanations. The first important
thing to note is that when using RV the unit of study is the population, so we cannot ascribe a
reproductive value to single individuals. Since RV is an average it would be a mistake to state
that a woman or a migrant has certain RV, we can only say that a population (or subpopulation
made by an arbitrary division by age or other category) has defined values of RV. The second
point is that RV as defined in equation 3 is a tool designed for comparisons of reproductive
behaviour between different age groups: first it ‘moves’ age-specific values to the same reference
point; then it standardizes these values by the size of the age groups and; finally it compares the
standardized values against the arbitrary reference of the first age group. This last point may
seem repetitive but is important to emphasize it because, as Crow (2002) mentions, from reading
the book of Fisher (1930) many researchers believe that the reproductive value of age zero is
‘defined’ as the unity. This problem arose mainly from the metaphor used by Fisher of an
acquired debt at birth of one life and its subsequent payment by age-contributions (which
wrongly leads us to believe that he defined vy=1 because of this ‘one’ life that we are supposedly

granted), but the important term to note in the metaphor is the convention of the debt’s value (and
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as we have seen from Lotka’s explanation, the reproductive payments can also be seen as
reproductive earnings, and instead of a debt we merely have the present value of such earnings).
So once again, Fisher (1927) did not define vy as the unity, he explained that vy can be any
number we want it to be (that is what conventional valuation or arbitrary assumption mean, that
there is no absolute definition for vy), and he proposed to use vop=1 when we are interested in
comparing RV of different ages within the same population (because it is easy to compare values
against the unity but, strictly speaking, we can also use vy=1000 or vy=3.1416 and we would still
be following Fisher’s original formulation of RV). Later I will show that, as Crow (2002) also
mentions, Fisher (1927) proposed other conventional valuations or arbitrary values for vy
intended for other kind of comparisons. That is why the original presentation of the formula of
RV made by Fisher (1927) includes the term vy, and he just notes that vp=1 if we want to assume

this value for a newly born child.

y = 20 [Ceri,b,du . (6)
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I will return to Fisher because he makes the next important clarification, when knowing the
values to assign to each age we may evaluate the whole census population RV when the age
distribution is also known. He adds that “The comparison of the total values of two census
populations, unlike the comparison of the mere numbers, provides, when allowance has been
made for migration, a simple measure of the population growth or decrease, which may be shown
to coincide with the Malthusian rate of interest discussed above, or rather if it is changing, with
its value averaged over the intercensal period” (Fisher 1927:106, italics on the original). He also
notes that this ratio can be used to test whether the increase in the number of heads of the
population is or is not sufficient to counterbalance the increasing average age (in an aging

population). What Fisher calls the total value is given by
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where n denotes population numbers.
Some researchers refer to this concept as net reproductive value, total RV or population
RV, but there is also some confusion about it because, once again, this explanation was not made
in Fisher 1930. Stearns (1976) explains that Leslie defined the RV for the whole population as the

sum of the age specific RV. In the continuous setting the total RV proposed by Leslie is

V*:rv_xdx: w( }XI re”‘lbdqux . (8)
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Clearly the measure proposed by Leslie V* is different from the one proposed by Fisher V.
Leslie’s V* is merely the sum of the age-specific RV standardized by vy, while Fisher’s V" is not
standardized and it also takes into account population size and its age distribution. So Leslie’s V*
can be seen as the Crude or Gross RV of the population, and Fisher’s V" can be seen as the Net
RV of the population. And once again, the choice of using V'* or V' depends on which kind of
comparison we want to make.

Last but not least, Fisher makes a very important explanation about the use of RV (so
important that it was the only one reported in Crow 2002): “The convention that unit value is to
be ascribed to the newly born is open to no objection so long as we merely wish to compare the
values of different age groups; on the other hand it is not suitable for the comparison of different
populations. For this purpose a different convention will be more suitable, namely, that in a
population in its steady state the total value ascribed to the population is equal to the total number
of heads living” (Fisher 1927:106). So Fisher explains that when comparing different populations

the convention of the unity for newborns is not suitable, instead is better to consider the net RV

of the population V in its steady state, which would be equal to the number of individuals
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hypothetically alive. Therefore Fisher states that the arbitrary assumption of vy=1 is not
appropriate for comparing different populations, so he proposes another arbitrary assumption

(which is the one emphasized by Crow)

Vo= Elx_; 5 )
where the bar denotes mean, and the superscript s indicates stability or steady state.

Fisher explained the reason for this alternative valuation in terms of recruiting sons for
their fathers’ occupations: “If two occupations, for example, were each halving their numbers in
each generation the rate of decrease per annum, and the corresponding need of recruitment,
would be greater in that which had the shortest generation, and the sons born early should count
for less than the sons born late” (Fisher 1927:105, italics in the original). Disregard Fisher’s
flawed ideas of working vocations, the reason for this new arbitrary valuation is that generation
rate (stable birth rate) and generation time (stable mean age at childbearing) must be taken into
account when comparing different populations. In other words, newborns from populations with
different intrinsic birth rates and generation times should not be represented with the same RV.
Interestingly enough, this alternative valuation overrides the critic to RV made by Hamilton
(1966) about the lack of a measure of generation time which would serve as the unit of progress
under natural selection; and perhaps more surprising, the way of taking into account generation
time is the same solution proposed by Hamilton many years after Fisher’s (1927) original paper.
Because I have found this claim difficult to accept by some researchers, I will briefly explain it.

Is important to note that I am not talking about Hamilton’s discussion about RV and
senescence (Hamilton pointed out that Medawar 1957 misused RV in his theory of senesce; but

that is a complete different topic of what is being discussed in this paper). Hamilton explained

that “For an organism which reproduces repeatedly the concept of fitness is not so easily defined.
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The expectation of offspring suffers from the objection that early births are worth more than late
in an increasing population, and vice versa in a decreasing one, and that there is no single
measure of generation time which will serve as the unit for progress under natural selection”
(Hamilton 1966:96). Hamilton also noted that the expectations of births occurring after age a to
persons chosen at age 0 and at age @, and the RV of each age group “are clearly similar except
that in them [RV values] the births have been weighted in a particular way. As mentioned before,
the weights are those necessary to correct for the different values of early and late births in a non-
stationary population from the point of view of contribution to the population of the distant
future” (Hamilton 1966:105). This means that RV fixes the problem about assigning proper
weights to early and late births but the one about the measure of generation time still remains.
Fortunately, Hamilton also proposed a solution “This is one of the parameters which can be
considered as measuring the length of a generation, being the mean age of mothers at childbirth
for all births occurring in the stable population” (Hamilton 1966:99). Interestingly enough, Leslie
(1966) also proposed to use the mean age at childbirth in the stable population as a measure of
the length of a generation.

Fisher also explained that this new valuation based upon the steady state allows the
newborn child to count for more among long-lived people (aged population) than among the
short-lived (young population). He also claimed that the comparison of the Net RV of the census
population with the Net RV of the population in the steady state provides a simple index showing
to what extent the actual populations are or are not of ages favourable to reproduction (to his
statement it can be added that the problem of comparing different populations is closely related to
comparing the same population over time). Fisher clearly noted that in order to make the steady
state comparison the Euler-Lotka equation should be equated to an initial value named vy, and vy

must be chosen so that, in the steady state, the total reproductive value V' is equal to the

15



population size (equation 9). This is the reason why Fisher (1927) emphasized several times that
the value of vy is just a convention and this is the reason why he presented the original formula of
RV as equation 6. Given the importance of this new valuation, it is justified to ask the following
questions: What is this steady state of the population? How is it related to actual populations?

How should it be interpreted? More generally, what does it mean?

LOTKA’S STABLE POPULATION

There is one term that Fisher (1927) uses in the last part of his paper that will be fruitful to
analyze because it inevitably leads to Lotka’s stable population (Lotka 1927). The term steady
state comes from the theory of Thermodynamics. By the time Fisher wrote his paper much
confusion remained about the use of thermodynamic states to characterize dynamic processes
(perhaps outside Physics this confusion still remains in our days). However by 1927 Lotka had
already discussed thermodynamic concepts applied to human populations in several papers, and
he had already set forward the terms of ‘stable’ age distribution, ‘stable state’ of the population or
stable ‘standard’ population (the best example is his influential paper about the intrinsic growth
rate, Lotka 1925). A small clarification to what Crow wrote, it was not Keyfitz who “invented the
idea of the stable equivalent population” (Crow 2002:1315), the concept and the idea were
already present in Lotka’s constant K. Later Keyfitz merely proved some of the relations that
exist between Lotka’s continuous treatment of stable populations and Leslie and others discrete
treatments (Goodman 1967); particularly he proved the relation between Fisher’s RV and the size
of Lotka’s stable population, naming this relation ‘stable equivalent population’ or ‘stable
equivalent value’. In fact, Lotka worked on stable populations long before Fisher wrote about

‘steady’ states. Since 1911 Sharpe and Lotka were working in problems related to age
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distributions, and since 1921 Lotka started relating the age distribution problems with
thermodynamic moving equilibria.

I will just sketch briefly the ideas behind steady states, for detailed and rigorous treatment
please read Lotka (1939), or its recent English translation (Lotka 1998), also Zotin (1990) and
Haynie (2001). According to the theory of thermodynamics over chemical reactions, systems can
be classified in isolated, closed and open systems. Isolated systems exchange nothing with their
surroundings (environment), while closed systems exchange only energy and open systems
exchange energy and matter. Isolated systems tend towards equilibrium states, while closed and
open systems tend towards non-equilibrium states often referred as steady states. “Non-
equilibrium steady states of macroscopic systems, whether close to or far from equilibrium, share
many of the features of equilibrium states... In fact, the only operational difference between an
equilibrium state and a nonequilibrium steady state is that a flux of mass, momentum, or energy
1s being transported by the system” (Keizer 1984:1115). This is the reason why Lotka (1921)
refers to the steady states as moving equilibria.

Starting from the assumption of closed systems Lotka (1939) discusses two important
steady states for the population: if we assume that the population is a closed system (he names
this assumption as closed population) then we expect the population to move towards two
possible steady states (and the trivial 0 state), the stationary population (originally implied by the
life table) and the stable population. These two moving equilibria result from the evolution of the
closed system, but they are easier to understand through variations of the steady state assumption;
according to Haynie (2001) in 1925 Haldane and Briggs put forth this assumption: in the steady
state the rate of formation of the complex is equal to the rate of its decomposition, so the rate of
formation is constant and its velocity is equal to zero. Therefore the stationary population is

reached when the rate of formation of the complex (the birth rate) is equal to the rate of its
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decomposition (the death rate), so the rate of the reaction implied by these two rates (the
population growth rate) is constant and equal to zero. The stable population is reached by
relaxing the conditions of the stationary population, in this case the rates of formation and
decomposition are held also constant but they are not equal, so the rate of reaction (the population
growth rate) is constant but different from zero. In his original papers Lotka had no space to
explain the thermodynamic basis of his stable population (for example his influential paper of
1925), but in his book (Lotka 1939) he fully explained his assumptions and his sources of
inspiration. That non-equilibrium thermodynamics is the basis of the stable population theory is
not a well known fact for two reasons: the book of Lotka (1939) was published in French and not
until recently (1998) was it translated to English; furthermore, Lotka’s book was originally
published in two separate volumes, the first one dealt with thermodynamic assumptions and
principles explanations, and the second one dealt with their application to human populations. So
most of the demographers interested in the topic only acquired the second volume. Nowadays,
fortunately, the Spanish (1969) and English (1998) translations include both volumes in the same
publication.

There is one main problem with Lotka’s assumptions; it will be fruitful to revise it for
understanding stable population theory and the use of RV for comparing populations. Lotka is
taking literally the closed system assumption for chemical reactions (exchange of energy but not
of matter with the environment), so he says that the closed population assumption is a population
closed to migration (he thought that migration was ‘matter’ exchange). However, even if
population dynamics are somewhat dependent on chemical reactions, the population dynamics do
not behave exactly as chemical processes; so the literal translation of chemical closed systems is
not suitable for populations. The economic translation for the closed system assumption is far

more appropriate (classic economic theory also has its basis in thermodynamics because some of
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its founding fathers were also physicists, for the complete story read Mirowski and Goodwin
1991, and for some of the mathematic relationships read Smith and Foley 2002); a closed system
is translated into economic theory as ‘with all the things being the same’ or ‘all other things being
equal’. So the closed population is a ceteris paribus population (the environment remains
constant, which includes constant natural, social, economic and cultural context). This
formulation of the closed population assumption (ceteris paribus population) is the correct one,
and this fact is easy to see when we realize that the steady assumption can include migration. In a
closed population the rate of formation of the complex (birth and immigration rates) and the rate
of decomposition (death and emigration rates) are equal, so the rate of formation (population
growth rate) also remains constant and its velocity is equal to zero (and so the stationary age
distribution is also reached, for the stable age distribution is only needed that birth, death and
migration rates remain constant). Several researchers have discussed the fact that the ‘no-
migration’ assumption of Lotka is not necessary for reaching stability; it is only necessary that
migration rates remain constant (perhaps the best examples of this result are found in Feeney
1970 and Keyfitz 1971b, a longer list of researchers can be found in Cerone 1987). What is called
in demography as the closed population assumption allows considering migration (which only
affects the absorbing nature of the zero state), and more appropriately biologists refer to this
assumption as a population living in a constant environment: “As is clear by now, equilibrium
models presume a constant environment” (Reice 2001:17) (do not confound demographic close
population and biological constant environment with genetic assumption of close population).
The population comparisons as intended by Lotka and Fisher, using the Net RV of the population
in its steady state, can include migration rates, although calculations become harder. Furthermore,

the tool of RV can be extended to take into account migration rates. Therefore, the demographic
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assumption of ceteris paribus population is a constant environment population assumption, and
the steady states to which this population tends towards can be stationary or stable states.

Not having a well-defined closed population assumption has led to confusions in
demography, and some of them have not been clarified. To avoid these confusions in subsequent
uses of RV and stable population theory is important to emphasize this point: it is obvious that
the ceteris paribus population assumption is an astringent simplification of reality; populations
are open systems because the environment (everything else) is changing and so demographic
rates will not remain constant for the period of time needed to achieve a steady state. Populations
are more likely to be found in transient states (which are moving towards steady states but the
steady state is almost never reached). Even Fisher realized that the steady state is only an
hypothetical one “Actual populations are seldom at or near the steady state appropriate to their
birth and death rates, and could scarcely become so unless the frequency at each age of death and
reproduction remained constant for nearly a century” (Fisher 1927:106).

Therefore the stable equivalent population is only a hypothetically equivalent population
and its age distribution and growth rate are not ‘true’, ‘future’ or ‘ultimate’ characteristics, they
are only hypothetic ones. This may seem quite obvious but several influential papers have
confused demographers over quite long time, and it is important to revisit these confusions in
order to prevent further misinterpretations. For example, Lotka (1925) provides the first example
of misinterpretation when he named the stable growth rate as the ‘true’ population growth rate;
Goodman (1967) also made the same mistake when he named it as ‘ultimate’ or ‘eventual’
population growth rate. The stable growth rate is nothing more than the hypothetical rate that
follows from the astringent assumption of constant rates. This stable growth rate is a useful
decomposition of the actual growth rate (it is ‘free’ from the effects of the actual age distribution)

but if there is any true rate of population growth it is the actual or transient growth rate. That is
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why some researchers are now being more critical with assuming stable characteristics for the
populations. For example Koons et al (2005) explain that asymptotic demographic analysis has
had a long history of use in population studies, however the stable population state should not be
assumed unless empirically justified; and they suggest taking special consideration of the actual
population growth rate, which they call transient growth rate as opposed to the stable or intrinsic
growth rate. One corollary of this discussion is that the population comparisons using the Net RV
of the stable population, as intended by Lotka and Fisher, are not comparisons of the ‘true’ or
‘eventual’ behaviour of the population, they are only comparisons of hypothetic populations that
would emerge from constant formation and decomposition rates. Keyfitz and Flieger also provide
a good example of misinterpretation of RV and stability: “}J Reproductive value: the expected
future girl children who will be born to the existing female population on the observed regime of
mortality and fertility, discounted at the intrinsic rate of natural increase” (Keyfitz and Flieger
1968:22). The net reproductive value V' is not the expected future children who will be born; it is
the hypothetic children who would be born if the observed vital rates were held constant for very
long periods of time (and is obvious that the rates will not remain constant for long periods of
time). So the comparisons of populations in their steady states using RV, as intended by Lotka
and Fisher and done by Keyfitz and Flieger, are not comparisons of ‘future’ or ‘eventual’ states
of the populations, they are just comparisons of hypothetic populations that would emerge from
the unrealistic assumption of a ceteris paribus population. Another corollary of this discussion is
that assumptions are of great importance in population analysis, especially when it comes to
interpreting results. Taking these clarifications into account is how we should understand the

population comparisons suggested by Lotka and Fisher.

21



OTHER STABLE VALUATIONS
It is also important to revisit another source of confusion. What Fisher (1927) wrote is that, if we
want to compare the reproductive value of different populations (or the same population in
different time points) it is not suitable to use the arbitrary assumption of vy=1. Instead is better to
use another arbitrary assumption for vy, namely the one that allows V, the Net RV, of the stable
population to be equal to the size of this hypothetical population (such arbitrary assumption is
given by equation 9). When Lotka read Fisher’s (1927) paper he realized that he had already
proposed this idea along with his stable population theory, later (Lotka 1928, 1939, 1942) he
formalized the fertility relationships in stable populations. Within these relationships Lotka
introduced the constants O, which are the roots of the so called ‘renewal equation’. Only one of
these roots is real and is associated with the stable growth rate. In his papers Lotka used several
different notations for this root, in his book (1939) he named it O, and he used it to calculate a
constant K, which he used to calculate the size of the stable population. Later Keyfitz (1939)
named this constant K as ‘stable equivalent value’ but he denoted it by Q. Keyfitz also proved
that “In fact, V' [with conventional valuation vy=1] is a simple multiple of Q. In the continuous
representation, V is exactly equal to Q multiplied by the intrinsic birth rate b and by the mean age
at childbearing” (Keyfitz and Caswell 2005:204). In a private communication Crow explained,
“The main difference, I think, is in the implications, not the algebra. Lotka and Keyfitz were
thinking of demographic problems; Fisher was thinking more broadly of evolutionary problems.”
Revisiting the changes in the notation is important because is easy to get confused
between the real root of the ‘renewal equation’ and the stable equivalent value. The stable
equivalent value QO equals V' with the arbitrary assumption of equation 9, but the real root of the

‘renewal equation’ denoted by Keyfitz as Q) is V' with the following arbitrary assumption:
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Vo=t (10)
-

N v

this new valuation is the one used by Goodman “the reciprocal of vy is the average age of the
mothers of all those who are in the 0" age-interval in the stable population, i.e. the ‘average age
at childbirth’ in the stable population” (Goodman 1967:544); and is useful to calculate the
hypothetical contribution of the different age groups to the stable equivalent population.

So it is important to realize that Q and Q; are different concepts: Q is referred as the
stable equivalent value; and the real root Q; as the stable equivalent births. Both O and Q; are V'
with different conventional valuations for v,. If Keyfitz was unaware of the original paper of
Fisher (1927) and the letter from Lotka (1927), then he rediscovered the content of Lotka’s letter:
the main ideas of Fisher 1927 had already been posed in Lotka’s stable population theory.
Furthermore, if Fisher never explained to Keyfitz his original ideas for RV (even though Fisher
was Keyfitz’s professor at North Carolina State University in 1946, and there is evidence in
Bennett 1990 that they exchanged correspondence), then Keyfitz rediscovered two of the main
points of Fisher (1927): the main utility of RV rests in the non-absolute valuation of vy, and the
conventional valuation given by equation 9 is useful for comparing populations in their steady
state. Even terminology is confusing, in his early papers Keyfitz named Q as the stable equivalent
number or stable equivalent population (see Keyfitz 1971a; this term confused me when reading
Crow 2002 by the first time), but this name can be easily mixed up with the broader concept of
stable ‘standard’ population (as Lotka named it) or ultimate stationary population (as Keyfitz first
named it). It seems that Keyfitz realized this problem, because in his later books he referred to O
as stable equivalent value (see Keyfitz 1985) and used the name of stable equivalent population
for Lotka’s stable ‘standard’ population (the specific stable population which can be uniquely

associated to a given set of vital rates and age distribution).
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This brief history of the quantities }"and Q may seem just as a mathematical curiosity, but
it has had major influence in demography. Keyfitz (1971a) used V with the arbitrary valuations
given by equations 10 and 9, which he called stable equivalent births O; and stable equivalent of
the total population Oy (in his latter books he denoted it only by Q), to develop the concept of

population momentum for an immediate drop of fertility to replacement level

Qz_bﬁz{_Ro—lj , (11)
N, rx: R,

where Q is the stable equivalent value, N, is the size of the initial population, » and b’ are the
stable growth and birth rates, x denotes age so in the upper part there is the stable mean age at
death (life expectancy) and in the lower part the stable mean age at reproduction (childbearing),
finally Ry denotes the net reproductive rate. The population momentum is clearly a multiple of

the stable equivalent value, so it is also V" with a different conventional valuation, namely

o
Nb'x’

(12)

Vo

Besides the importance of this concept for mathematical demography, the influential paper about
population momentum was clearly written to support already existing birth control and family
planning programs: “In some countries hesitation in making contraception available is
rationalized by the view that the country is not yet ‘full’. Governments as far separated as those
of Brazil today and of Indonesia in Sukarno’s time refer to plentiful land and other resources as
evidence that their populations could stand considerable further increase before they must
become stationary. Concern that total numbers will taper off prematurely is misplaced. If
presently high-fertility countries were to experience an immediate drop to age-specific birth rates
that would just replace existing parents, the ultimate stationary population would be about two

thirds higher than the present total” (Keyfitz 1971a:71). So the rediscovery of the non-absolute
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valuation for newborns RV has been of importance also in applied demography and in supporting
population policies (for the influence of these programs and policies on demography see Caldwell
and Caldwell 1986).

However, confusion still remains. For example, the paper of Keyfitz (1971a) presents
misleading terms and assumptions like ‘ultimate size’, ‘must become stationary’, and so on
(problems obviously derived from misinterpretations of closed and open assumptions leading to
steady states of the population). In this sense it is important to notice that the idea (and the
formula) of population momentum was already stated in Fisher 1927. And Fisher’s interpretation
of formula 11 is more appropriate because he was not thinking about ‘eventual’ or ‘ultimate’
states of the population but about comparisons with potential or hypothetic states: “the
comparison of the census population with its total value [} calculated using equation 9] provides
a simple index showing to what extent the actual populations are or are not of ages favourable to

reproduction” (Fisher 1927:106-107).

FURTHER USES OF RV

Besides the subtleties of actual subpopulation comparisons, RV has other interesting uses: “an
epidemic killing largely persons beyond the reproductive age may have little direct influence
upon the population of future generations; nevertheless, in the crude statistics which depend upon
total deaths it may loom larger than a war which destroys a large proportion of the age groups of
early manhood... The total value [/*] on this system of the population of this island [England] is
probably somewhat above its census total, and it is quite possible that while the total value for
reproductive purposes is decreasing, the number of heads is increasing by a kind of transference

from potential to actual humanity” (Fisher 1927:105-107). Fisher, being one of the main

supporters of the eugenics movement (Fisher 1914), was fixated with declining populations and
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‘race’ suicide, so he insisted in using RV as a tool for analyzing reproduction ‘potentials’ of
actual populations. Despite Fisher’s obsessions, his phrase remarks the importance of transient
states and population momentum: rates are not constant over time and comparing actual versus
hypothetic stable populations is of interest in demographic analysis.

The main idea is to use RV as a tool for analyzing how environmental disturbances affect
the relation among actual and stable (potential) populations. There are good examples of these
analyses in Biology, for example Michod (1979) investigated how withdrawals of RV from
specific age-classes with increased mortality would tend to stabilize total population size and
guard against extinction; Koons et al. (2005) stressed the importance of the transient growth rate
given environmental disturbances, and they concluded that variation in a population’s initial Net
RV largely explained the variation in transient growth rates and their sensitivities to changes in
life-cycle parameters. They explain that the initial Net RV is an ‘omnibus’ measure that can be
used to predict the transient dynamics across the initial state conditions, through time, and to
examine shifts in the rank-order of vital rate contributions to transient growth rate. In
Demography perhaps the best examples of studying disturbances and RV are given in Keyfitz’s
books: “A single theory [RV] answers questions about the numerical effect of sterilization,
mortality, and emigration, all supposed to be taking place at a particular age x. By means of the
theory we will be able to compare the demographic results of eradicating a disease that affects the
death rate at young ages, say malaria, as against another that affects the death rate at older ages,
say heart disease” (Keyfitz 1985:142).

Recently, while analyzing important environmental disturbances on human populations
(massive deportations to Siberia in Russian population and massive immigration in US
population), Ediev (1999, 2000, 2001a, 2001b) proposed the concept of demographic potential.

With this concept he rediscovered the importance of non-absolute valuations for RV. Ediev
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(2001a) explains that he developed this concept while trying to estimate population’s
demographic losses caused by external factors; these losses couldn’t be directly estimated due to
the lack of data so he had to solve this problem without using population projections at all. He
thought about an index that changes as a function of time when a population reproduces itself
without ‘external’ influence, but he recognizes that distinguishing between ‘external’ and
‘intrinsic’ factors is a matter of model assumptions, i.e. is a matter of taste. Ediev proposed that,
if only one sex is concerned, the age specific demographic potentials denoted by c are given by

l(u f)

c(x,t) = j b( ,0c(0,¢ +u)du . (13)

Ediev also shows that, when fertility and mortality are assumed to be constant over time, the
demographic potentials decrease as an exponential function of time and are equal to Fisher’s
reproductive value if the demographic potential of a newborn is set to be one and other potentials

are expressed in terms of the newborn’s potential

c(x,t—x) o(x) = _c(0)
c0,0) 7 e™I(x)

j Iw)b(u)e ™ du . (14)

Ediev regards his demographic potential as a generalization of RV, but as we have seen, equation
14 is exactly the same as Fisher’s 1927 original presentation of RV (see equation 6).
Furthermore, as has been emphasized and it should be obvious now, the convention of setting the
‘demographic potential’ of a newborn equal to one is only an arbitrary assumption; and Fisher
(1927) gave no absolute value for a newborn because he knew that other conventional valuations
are also useful. So Ediev’s demographic potential of population, when applied to one sex, is not a

generalization of RV, it is exactly RV. But when Ediev (2000) computes demographic potentials

with both sexes included he is indeed generalizing the concept of RV. Besides using this concept
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for calculating ‘external’ population losses in Russia and doing backward and forward
projections, Ediev (2001b) also reconstructs US immigration history, so he proposes several
interesting analyses that can be done with RV or, as he names it, demographic potential.

This is not a biological paper but is still important to note that RV has many other uses in
biology and ecology. Fisher’s RV gives: a way of assessing the effect of a specific age group on a
hypothetically future population and therefore the importance of this age group for evolutionary
analysis; a weighting system to smooth out uncertainties in the actual age distribution for various
genetic applications, in particular Fisher’s conjecture known as ‘Fundamental Theorem of

Natural’ selection (see Crow 1979).

MATRIX CONTEXT AND INTERPRETATION

Perhaps the easiest way to understand RV and the roll of arbitrary valuations is using Leslie
matrices. As Keyfitz and Caswell (2005) explain, the right eigenvector w; of the transition matrix
is associated to the stable population growth rate given by the dominant eigenvalue, and this
vector yields the stable age distribution of the population when scaled to sum 1; the left
eigenvector v; gives the age specific reproductive values, “if we take ‘the contribution of stage i
to long-term population size’ as a reasonable measure of the ‘value of stage i’, the left
eigenvector v; gives the relative reproductive values of the stages. We must insert the qualifier
‘relative’ because eigenvectors can be scaled by any nonzero constant [and they still are
eigenvectors]... It is customary to scale v; so that its first entry is 1” (Keyfitz and Caswell
2005:209). The use of eigenvectors clarifies the idea of conventional valuations; each different
valuation corresponds to a different scaling but the eigenvector is not altered by the scalar
multiplication. When comparing the RV of different ages (or stages) within a population the

eigenvector should be scaled to have the valuation vy=1. When comparing different populations
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(or the same population on different time periods), as Fisher (1927) suggested, vop must be chosen
so that the total reproductive value is equal to the population size in the steady state; in matrix
terminology, eigenvector v; should be scaled so V' equals the size of the stable equivalent
population. This is the same scaling needed to obtain Q “That is, the stable equivalent is just the
total reproductive value of the initial population, when scaled so that ||wi|| =1 and v,ew, =1"
(Keyfitz and Caswell 2005:213).

Let N' be the size of the stable equivalent population and V* be its total reproductive
value, then V* is the scalar product of v; and w; (note that v; is a row vector and w; is a column
vector). To obtain V*=N* we need the following scaling

[wi]|=1w; =1 and view =1,

= Ve=v, e(N'w)=N’(view,)=N" . QED.

RV is the left eigenvector v; and it can be scaled according different conventional valuations of
vo. Therefore, the quantities O, O; and ‘population momentum’ are simply the results of different
scaling of v;, they are particular cases of the general concept of net reproductive value V.
Because of the eigenvector properties, the concept of RV does not change with each arbitrary
assumption or scaling; but the analysis and the interpretations of RV are highly dependent on the
assumptions used to scale the eigenvector. This dependence on arbitrary assumptions is clearly
important and cannot be stressed enough.

In the matrix context is evident that the scaling of RV is a matter of convenience, and
when comparing subpopulations is ‘convenient’ to consider generation time. “When the matrices
A and A* are different, then the effects of the difference in the average age at childbirth under the
two regimes, 4 and 4*, must be taken into account” (Goodman 1967:545). Because it is difficult

to know when a specific valuation is more ‘convenient’, is always important to remember that:
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i)

RV is an average measure. The unit of study when using RV is the population (or arbitrary
subpopulations) not the individuals. It is a mistake to ascribe a RV to single individuals like
a woman or a migrant (we must remember that any individual can have several reasons for
not engaging in reproduction: infertility, personal decision, and etcetera). In a high level of
abstraction we could associate RV to an ‘average’ individual, but we must remember that
what is called ‘average’ individual, the population statistical mean, might not even exist in
the actual population. So it seems better to avoid at all using misleading terms as ‘average’
individual.

When comparing ‘different’ populations we must remember that all divisions of human
populations are arbitrary, and the assumptions made when defining ‘different’ populations
should be stated. The age-classification or age-division of a population is nothing more than
an arbitrary division (for example, we can use single ages, 5-year age groups; instead of
using discrete ages we could work with continuous ones). Just as the age-division of a
population, all other divisions of the human population are taken from arbitrary assumptions
that should be stated: a very dull but obvious case is Fisher’s 1927 division of human
population in ‘working classes’ given ‘genetic’ differences (we must remember that even
genetic research does not lead to ‘natural’ subdivisions of human population, Cavalli-Sforza
et al. 1997; Owens and King 1999). When comparing ‘potential reproduction’ of migrants
and non-migrants, citizens and non-citizens, or any other arbitrary division of the
population, we must remember and state clearly that we are imposing ‘differences’ among
the individuals given by arbitrary laws or rules like country of origin, language, etc. In other
words, any comparison of ‘different’ populations can only be made if we assume that there
are differences among individuals, and this assumption has little to do with scientific

thinking but a lot to do with politics and human arbitrary constructions.
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DISCUSSION

Fisher never intended vy to have a fixed value, he was well aware that the utility of his tool
depended on its flexibility. Different conventions on the value of vy can be used to answer diverse
research questions. Because there still no generally agreed notation, confusion may arise;
therefore when using RV the valuation of vy must always be specified. Table 1 shows several

conventions and their related Net RV.

Table 1. Conventional valuations of vy and related Net Reproductive Value.

1) V= J-: v .n.dx Intended use

vo =1 ‘usual’ V Age or classes comparisons

vy =1/ x_j V=@, Stable equivalent births Stable reproduction comparisons
v, =1 /;x_j V=0 Stable equivalent value Subpopulations comparisons

v, =1/N Ol?x_; V' = Population momentum Actual versus stable comparisons

Fisher (1927) and several other researchers (Lotka 1925; Hamilton 1966; Leslie 1966; Goodman
1967) noted that the effect of dissimilar generation times must be taken into account when
comparing reproductive values of different subpopulations. Even though the paper of Crow
(2002) has already called for a revision of the ‘usual’ valuation of RV, there is still confusion
about the use of arbitrary assumptions in RV (some are clearly in contradiction with the original
paper of Fisher 1927). For example, when explaining reproductive value Keyfitz and Caswell
(2005) compare Mauritius, United States and Hungary for years close to 1970 (they use data from
Keyfitz and Flieger 1971); but they apply the arbitrary assumption vo=1, which Fisher described
as inappropriate for population comparisons. The comparison made in Keyfitz and Caswell 2005,

for the same countries, for the year 1970 is shown in Figure 1 (data from Keyfitz and Flieger
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1990). On the other hand, Figure 2 shows the same comparison with proper assumption of
equation 9. Fisher’s reasons for this suggestion can be summed up in the following quote: “The
convention of valuation based upon the steady state allows the new born child to count for more
among long lived people [aging population] than among the short lived [young population], as he

obviously ought to do” (Fisher 1927:106).

Figure 1, Misleading comparison of Reproductive Values
(as shown in Keyfitz and Caswell 2005).
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Source: Own elaboration, data from Keyfitz and Flieger (1990).

Figure 2, Appropriate comparison of RV taking generation time into account.
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Reproductive value is a useful tool. As Keyfitz (1985) explains, it can be used to answer question
about the numerical effects of sterilization, mortality and emigration at particular ages; it also
allows demographic analysis of eradicating specific diseases. Furthermore, researchers like
Michod (1979), Koons et al. (2005) and Ediev (2001) are proposing new uses of RV for
understanding evolutionary mechanisms and population history and prospects. But when looking
Figures 1 and 2, it becomes obvious that the effect of the comparisons and interpretations of RV
are highly dependent on the conventional valuations of vy. So we should not forget that
conclusions taken from RV are highly dependent on the assumptions made during RV
calculations. Keeping this in mind becomes even more important when we remember that Fisher
(1914) was a leading eugenist and that his quantitative conclusions about the reproductive
potential of societies (and about humankind in general) were faulty because of his erroneous
assumptions on arbitrary population divisions. Therefore, the most important point to clarify
about RV is that when calculated on an objective scale, the measure of reproductive value implies

absolutely nothing about social values, ‘racial’ superiorities, etc.
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ANNEX: Lotka’s 1927 letter.

CORRESPONDENCE,

Tne Eormok oF BEvaenics Revew,

Dear Sir —

It is with much intercst that I have vend D, R. A, Fisher'a article *"The
Actanrinl Treatment of Offieind Birth Records®® im the Jaly Byue of Evaewics,
hr-:r;. '[quTIpunn:lhtb]dtnh-i.!?whuuilnglmilumtgh;puur.:ntum:mtncnrr_ul.n anticipaticms

¥ b2 penceal prine e eurtatn polints of detnedl, of D, Fisher's apglion-
tivn off notoerial v |:|.L1::u=-|p1;.;| birthrmies, ¥ rplicn

The formule by 'Hll:h?ll. Ten FE']""M bo compate the *““Malthuston' snte of
grofmtricn] nerense won given by Sharpe and Lotlhn in the Phifnsephical Magasing
Tor Apell, 1911, poge 485 . T have also refeered Lo it repestedly in later gl stk d o s

uite lotely it hod Ueen independently given by J. B, 8. Haltnne in s Procesdings
dhe Crembiidge Philesoploal Soolety,

Dr. Flaher remoarks @ “The ceact oaloulntlon of rate of populnkion inerenss oF
deqirensy freed from the tonporary ol adwmbaur elements of the FINEREE
age distribution . . . . apens the way to the sty of o whole new nspest of
liman vital statktios, ™  In my bonk Kjeanciis of Physeial Bio « MIEE, piga 115,
after disoussing preaisely tlpss prinalples, I have memarked 1 *“Tlia e lemen (i, ,
the indluence |I|‘|.-|"éF;|.|.I:|:|.:rILi=| in the pge Simtributlon) 8, . . pokamsticnlly
ruled out of further diseussion ; o elrcunstanes whivh is in so for Fortinate &8 we oo
here fnterested in the relotion of the rate of growth to the more fundomental Irialogls
eil elinricteristios ; the age distribution “]Wlim merely ne an mivenitiinug elemant
complivnting the relotlon , without Loing esseniinl te the fndpmental eBhracterlEe.
tion of the speeies.”™  Tha |::-|.||.-|:l c & &lao relerred to b & fealnats n on srtiale Ty
Dublin and’ Lotka, Journal of the Amerlenn Skatisticn) Assoeixtion , September,
120 ﬂigﬂ 304, g follows: ' Perhape it mny be well to deaw nttentlon to the Tact
that the difference bebween tho oxisting stale of affsire nnd Bt here AErving ns o
banis of comparison, lies mesely In tho advenditions focior of nge distrilistio.
The esentinl, fundomentolly biclogicn] factars are strictly the snme in the netosl
ared i e standand of arisen.  And wherons the existing age distribation
represents a trarel by stako of nffnlrs incopabic of seatinued existenos givler caonsiont
condlitions of maternity Ceoquiency adl mortslity, the age detribution of the
stund urd of comperieon 1s that which Is stable, self-nmtoining, under 1w biofoglenl
spundl itionn _P'I'EEEI!HSI anima.

Apain, Tir. Fisher vemarks @ ““Far expmplo , an epitlenlo killing largely persons
beyand the vepraduction oge mmy have [ifle Influenss upon the pulakion of

futars orations, . . . Himply sod solely from the point of view of the
bnlnng “ﬂ:‘f denth Iy reproduction Pless Hves aes vl of af volae, ., , .M
o thie deduction, which follows directly from the metbod wnder discussion,

hnve denwn attontion in the fallowing words [Physien] Diclagy, p. 119) : fffect of
Selestive Sloghtering, A socosd deduetion froamn eqgungion {84) Tollows fram the
fnct that the integrol extends only betweon the nge Limits of the reproductive perind,
In conscquencr -l:lﬂ'.ll-l-l- Elein :rl'tt-l.'-n-fm-:':rnn.'::.1:Et|m:;d.ﬂil¢f|m1;ﬁuu ls |_-||-:1|_-|i|.r_r|..ﬂ..-_;.1.g_
of the form of the life ourve (the survivol !'u.-'.'tl:-rg ptmide this pesiod; thas the
slsughtering of the *‘supcrnnnuated' mewmbierss of a bherd bas no effect upen s
eake of inercase, though both death twto med bicth mes ore aagmented | anl
smauniay, “T'he econommda signilleminee of Lhis, sd o menns lor ruluul‘uu; the 1] g b
capacity of the lked , considered us n food factary , dn seif-evident, '

Thar s principle, applied to o iman population, woas fully st fath by
me oo pager, Tho o Adfustmeni of Age DHatritusion fo Feoundiny, in thie
Alpurmnl of the Wl Acnderny af Soiones, Movenber, 1008, p. 508, Cam-
putations and corves It om metunl ramericnd dotn for the Dnited Stotes wese

ibited, showleg seperately the rate of increase commputed on the basis of the
fornale populotion under fdUy-ltve years of oge alone, thus demconstrating the
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proposition that this rats i fully determined withont un{.urlll'urﬂl'u:'l: to the female
population at higher nges. These computations are deve Ermmtu of o :'n:u%m 11}
which first appenred in my article 4 Natusal Popelaion Noro, Journal o
Washingion Acodsmy of Sclence, 1910, p. 208,

That the actuarinl principle discussed by Dr. Fisher may bo used na i natra-
mest 1o meensure sBective fertility ts fully set forth, with nomertenl application,
jn ey paper: The Meastre of Ned Periilily, Journal of the Washingten Acadlemy of
Erderard, December, 1988, pape 4040,

A porticuladly detadled applicntion, with mich nomericsl slaborntion, of the
principle under discusaion, has been glven by Dublin 2nd Tatka jn the poper
referred Lo nbove, The True Nale of Nafiral Tocreass,  Among ather things brought
gut pad illueksated by ackual numericdal Lﬂumtlum in this paper is the seporate

lication of the pringiple Lo the femnle £he mali |:|-|1$I.|ll'|l. it, & pednt to which

. Fislbor olsg refers. A further applicadlon B Lo bes found in moe sctiole, The
Eﬁwa‘;‘ Averiean Fowilios tn the Jighicenth Centtery, Journal of the Amerlean Stat-
jatical Asgocintion, June, 1027, poge 138, Other work s In progress.

Tt will thas he seen that tle subject of the appliontion of actinrial principles
to birtheates hos peogressed well beyond the point of & projest with *“futore'”

possihilities, Tt s an octuslity.
Very teuly youra,
AvenEn J. LrEa,

To. Morn,—Dr. Tigher writes 1 I nm muach intersbel te see how clasely Dr. Lotka's
work, whioh I hod not ]J'[u'l.'ll:ll,lq.'li acen, agrees in pdm and m&.ﬂd with the
reopmmendntiong T have mode. vidently the only abaslelely Bovel IIJ:E|EI-
tioq in my article lles in the estimation of o definite “reproduction valoe®' for
iswlL of [ife, Dir. Loikn™s su foris ond mine are still anfortenateby

fm the fotues 08 far as Dritish officinl birth dats s concerned.
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